Published by Institute of Physics Publishing for SISSA/ISAS Received: August 1, 2002 Accepted: October 28, 2002

Superstring vacua of 4-dimensional PP-waves with enhanced supersymmetry

Yasuaki Hikida and Yuji Sugawara

Department of Physics, Faculty of Science, University of Tokyo Hongo 7-3-1, Bunkyo-ku, Tokyo 113-0033, Japan E-mail: hikida@hep-th.phys.s.u-tokyo.ac.jp,

sugawara@hep-th.phys.s.u-tokyo.ac.jp

Abstract: We study the superstring vacua constructed from the conformal field theories of the type H_4 × M, where H_4 denotes the super Nappi-Witten model (super WZW model on the 4-dimensional Heisenberg group H_4) and M denotes an arbitrary N = 2 rational superconformal field theory with c = 9. We define (type-II) superstring vacua with 8 supercharges, which are twice as many as those on the backgrounds of H_4 × CY_3. We explicitly construct as physical vertices the space-time SUSY algebra that is a natural extension of H_4 Lie algebra. The spectrum of physical states is classified into two sectors: (1) strings freely propagating along the transverse plane of pp-wave geometry and possessing the integral U(1)_R-charges in M sector, and (2) strings that do not freely propagate along the transverse plane and possess the fractional U(1)_R-charges in M. The former behaves like the string excitations in the usual Calabi-Yau compactification, but the latter defines new sectors without changing the physics in “bulk” space. We also analyze the thermal partition functions of these systems, emphasizing the similarity to the DLCQ string theory. As a byproduct we prove the supersymmetric cancellation of conformal blocks in an arbitrary unitary N = 2 SCFT of c = 12 with the suitable GSO projection.

Keywords: Superstring Vacua, Penrose limit and pp-wave background.

© SISSA/ISAS 2002 http://jhep.sissa.it/archive/papers/jhep102002067 /jhep102002067 .pdf

Contents

1. Introduction 1

2. Super Nappi-Witten model 2

3. Superstring vacua based on H_4 × M 4 3.1 Superstring vacua of H_4 × CY_3 6 3.2 Superstring vacua with enhanced supersymmetry 7

4. One-loop partition functions 11 4.1 Conformal blocks in transverse sector 12 4.2 Consistency with space-time SUSY 17 4.3 Thermal partition functions of enhanced SUSY models 18 4.4 Thermal partition functions of H_4 × CY_3 models 22

5. Discussions 24

A. Notations 26 A.1 Theta functions 26 A.2 Character formulas of N = 2 minimal model 27

B. Character formulas of “c = 12 extended superconformal algebra” 27 B.1 Massive representations 27 B.2 Massless representations 28

1. Introduction

Four dimensional string vacua with unbroken space-time supersymmetry (SUSY) have been a subject of great importance for a manifest physical reason. The most familiar examples of them are described by the Calabi-Yau compactifications; R^{3,1} × CY_3. A non-trivial extension to curved four dimensional space-times possessing space-time SUSY has been given by considering the pp-wave backgrounds, which admit light-like Killing vectors [1]– [6]. Among other things, Nappi-Witten (NW) model [2], which is the WZW model based on the four dimensional Heisenberg group H_4 (or equivalently the central extension of two dimensional Poincare group E^c_2), has been receiving many attentions [3]–[6] and possesses good properties to handle: (1) this model has an exact world-sheet conformal symmetry to all orders of α^′ with a constant dilaton and the central charge is precisely equal to 4 (6 for the supersymmetric model), and (2) this model can be solved exactly by current algebra techniques, since it is a WZW model.

– 1 –

In this paper we study the superstring vacua constructed from the superconformal field theories of the type H_4 × M, where H_4 denotes the super NW model (super WZW model on H_4) [3] and M denotes an arbitrary N = 2 unitary rational superconformal field theory with c = 9. In order to define superstring vacua based on the RNS formalism we need to introduce a consistent “GSO projection” that ensures the mutual locality of space-time supercharges as in the Gepner models [7]. The simplest choice of the GSO projection is to restrict to the sectors with integral U(1)_R-charges in M. Such string vacua correspond to nothing but the background H_4 ×CY_3, and have generically 4 supercharges (half of maximal SUSY).

More interesting choice of GSO projection is to impose the integrality of total U(1)_Rcharge in H_4 × M. This model is the primary concern in this paper and leads to a theory with enhanced SUSY, that is, (at least) 8 supercharges (maximal SUSY for CY_3 compactification). As observed in many cases of pp-wave models with enhanced SUSY [8], a large class of these string vacua can be reinterpreted as the Penrose limits of AdS backgrounds. To be more accurate they can be constructed from the AdS_3 × S^1 × M^′(k) background discussed in [9], where the level of (bosonic) SL(2; R) current algebra is k + 2 and the M^′(k) denotes an arbitrary N = 2 rational superconformal field theory which possesses one parameter k such that c = 9 − 6/k. The space-time energy corresponds to −J^3_0 (J^A are the total currents of SL(2; R) describing AdS_3 sector) and the space-time R-charge is measured by K_0 (K is the U(1) current associated with the S^1 sector.) The Penrose limit is expressed as k → ∞ with keeping the value^1_k (K_0 − J^3_0 ) finite and |K_0 + J^3_0 | ≪ k as discussed in [4]. This contraction of current algebra amounts to focusing on the almost BPS states with large R-charges as in [10]. This point is another motivation of this work, and it is a natural extension of our previous study of the Penrose limit of AdS_3 × S^3 × M^4 [11].

A limited list of recent works related to this paper is given in [10]–[20]. This paper is organized as follows: In section 2 we make a brief review on super Nappi-Witten model. In section 3 we present two types of superstring vacua based on the conformal field theories H_4 × M. One of them corresponds to the background H_4 × CY_3 and has 4 supercharges. The other type has 8 supercharges and can be regarded as the Penrose limit of AdS_3 × S^1 × M^′ backgrounds. We also study in detail the spectrum of physical states in this model. In section 4 we compute the one-loop partition functions in order to check the consistency of the proposed string vacua. Although the transverse sector contains conformal blocks possessing good modular properties, the calculation in the longitudinal sector leads to a difficulty of divergence. We thus evaluate the partition functions of the thermal models to avoid this problem. Section 5 is devoted to present a summary and some discussions.

2. Super Nappi-Witten model

We start with giving a short review on super Nappi-Witten (NW) model. This model is defined as the super WZW model on the four dimensional Heisenberg group H_4. It is described by the following supercurrents; J (θ, z) = ψ_J (z) + θJ(z) , F(θ, z) = ψ_F (z) + θF (z) , P(θ, z) = ψ_P (z) + θP (z) , P^∗(θ, z) = ψ_P ∗ (z) + θP^∗(z) . (2.1)

– 2 –

The “total currents” J(z), F (z), P (z) and P^∗(z) satisfy the OPEs J(z)P (w) ∼ P (w) z − w , J(z)P^∗(w) ∼ − P^∗(w) z − w , P (z)P^∗(w) ∼ 1 (z − w)^2 + F (w) z − w , J(z)F (w) ∼ 1 (z − w)^2

. (2.2)

Other OPEs have no singular terms. Their superpartners are defined by the OPEs ψ_P (z)ψ_P ∗ (w) ∼ 1 z − w , ψ_J (z)ψ_F (w) ∼ 1 z − w , J(z)ψ_P (w) ∼ ψ_J (z)P (w) ∼ ψ_P (w) z − w , J(z)ψ_P ∗ (w) ∼ ψ_J (z)P^∗(w) ∼ − ψ_P ∗ (w) z − w , P (z)ψ_P ∗ (w) ∼ ψ_P (z)P^∗(w) ∼ ψ_F (w) z − w . (2.3)

We can employ the free field representations of the supercurrent algebra as given in [3]; J = i∂X^− , F = i∂X^+ , P = (i∂Z + ψ^+ψ)e^{iX+} , P^∗ = (i∂Z^∗ − ψ^+ψ^∗)e^{−iX+} , ψ_F = ψ^+ , ψ_J = ψ^− , ψ_P = ψe^{iX+} , ψ_P ∗ = ψ^∗e^{−iX+} , (2.4)

where the free fields X^±, Z, Z^∗, ψ^±, ψ, and ψ^∗ are defined by i∂X^+(z)i∂X^−(w) ∼ 1 (z − w)^2 , i∂Z(z)i∂Z^∗(w) ∼ 1 (z − w)^2 , ψ^+(z)ψ^−(w) ∼ 1 z − w , ψ(z)ψ^∗(w) ∼ 1 z − w . (2.5)

We actually have the extended N = 2 superconformal symmetry, which is described most easily by these free fields as T_{H4} (z) = −∂X^+∂X^− − ∂Z∂Z^∗ − 1 2 (ψ^+∂ψ^− − ∂ψ^+ψ^−) − 1 2 (ψ∂ψ^∗ − ∂ψψ^∗) , G^+_{H4} (z) = ψ^+i∂X^− + ψi∂Z^∗ , G^−_{H4} (z) = ψ^−i∂X^+ + ψ^∗i∂Z , I_{H4} (z) = ψ^+ψ^− + ψψ^∗ . (2.6)

They actually generate an N = 2 superconformal algebra (SCA) with c = 6.^1 We also note that the “transverse coordinates” {Z, Z^∗, ψ, ψ^∗} generate an N = 2 SCA with c = 3 in a manifest way.

1To be more precise the world-sheet superconformal symmetry can be extended to N = 4 according to the well-known properties of N = 2 SCFT, since the central charge is now equal to 6. The explicit realization of N = 4 SCA in super NW model is given in [3]. However, the N = 4 structure is not necessary in the analysis of this paper.

– 3 –

The irreducible representations of NW current algebra are classified in [3]. (See also [14, 11].) Only the non-trivial point is the existence of spectral flow symmetry; J_n → J_n , F_n → F_n + pδ_{n,0} , P_n → P_{n+p} , P^∗_n → P^∗_{n−p} , ψ_{J, r} → ψ_{J, r} , ψ_{F, r} → ψ_{F, r} , ψ_{P, r} → ψ_{P, r+p} , ψ_P ∗_{, r} → ψ_P ∗_{, r−p} . (2.7) The (spectrally flowed) type-II representations are defined as in [11]; J_0|j, η, p⟩ = j|j, η, p⟩ , F_0|j, η, p⟩ = (η + p)|j, η, p⟩ , P_n|j, η, p⟩ = 0 , (^∀n ≥ −p) , P^∗_n |j, η, p⟩ = 0 , (^∀n > p) , ψ_{J, r}|j, η, p⟩ = 0 , (^∀r > 0) , ψ_{F, r}|j, η, p⟩ = 0 , (^∀r > 0) , ψ_{P, r}|j, η, p⟩ = 0 , (^∀r > −p) , ψ_P ∗_{, r}|j, η, p⟩ = 0 , (^∀r > p) , (2.8) where r ∈ 1/2 + Z. The type-III representations are similarly defined for −1 < η < 0. The type-I representations correspond to the case of η = 0, in which we have no highest weight and lowest weight states (for p = 0) and have extra zero-mode momenta P_0 and P^∗_0 . In terms of free fields the vacuum vector of (2.8) corresponds to the next vertex operator e^{ijX++i(p+η)X−} σ_η , (2.9) where σ_η denotes the twist field defined by i∂Z(z)σ_η (w) ∼ (z − w)^{−η} τ_η(w) , i∂Z^∗(z)σ_η (w) ∼ (z − w)^{η−1}τ^′_η(w) , ψ(z)σ_η (w) ∼ (z − w)^{−η} t_η(w) , ψ^∗(z)σ_η (w) ∼ (z − w)^η t^′_η(w) . (2.10)

This twist field σ_η has the conformal weight

h(σ_η) = 1 2 η(1 − η) + 1 2 η^2 = 1 2 η , (2.11)

and U(1)_R-charge Q(σ_η) = −η . (2.12) The type-I representations reduce to the usual Fock representations of free oscillators with no twists. The Fock vacua are expressed as e^{i(j+n)X++ipX−+iq∗Z+iqZ∗} , (_∀ n ∈ Z ) . (2.13)

This sector corresponds to the string modes freely propagating along the transverse plane Z and Z^∗.

3. Superstring vacua based on H_4 × M Now we study the superstring vacua constructed from the conformal theory H_4 ×M, where we assume M is an N = 2 unitary rational SCFT with c = 9. The most non-trivial task is to introduce the GSO condition compatible with unbroken space-time SUSY.

– 4 –

We begin with clarifying the bosonic symmetry algebra. In the covariant gauge the physical vertices are characterized by the BRST charge that has the standard form

Q_{BRST} = ∮ [ c ( T − 1 2 (∂ϕ)^2 − ∂^2ϕ − η∂ξ + ∂cb ) + ηe^ϕG − bη∂ηe^{2ϕ} ] , (3.1)

where T ≡ T_{H4} + T_M and G ≡ G^+_{H4} + G^−_{H4} + G^+_M + G^−_M are the total stress tensor and the superconformal current, respectively. We also introduced the standard ghost system (b, c) and bosonized superghost system (ϕ, ξ, η). The bosonic symmetry algebra consists of the zero-modes of total H_4 currents, which are manifestly BRST invariant; J = ∮ ψ^−e^{−ϕ} = ∮ i∂X^− = J_0 , F = ∮ ψ^+e^{−ϕ} = ∮ i∂X^+ = F_0 , P = ∮ ψe^{iX+} e^{−ϕ} = ∮ ( i∂Z + ψ^+ψ ) e^{iX+} = P_0 ,

P^∗ = ∮ ψ^∗e^{−iX+} e^{−ϕ} = ∮ ( i∂Z^∗ − ψ^+ψ^∗ ) e^{−iX+} = P^∗_0 . (3.2)

These operators generate the H_4 Lie algebra as expected;

[J , P] = P , [J , P^∗] = −P^∗ , [P, P^∗] = F . (3.3)

The Fock vacua are characterized by the eigen-values of F, F̄, J and J̄ . It is here important to point out the fact that our free fields X^±, Z and Z^∗ are not the sigma model coordinates as clarified in [14]. In particular, the left and right movers of X^+ are regarded as those defined with respect to the same coordinate system, but those of X^− are not. We hence have to assume

F = F̄ = p + η , (p ∈ Z, 0 ≤ η < 1) , (3.4)

unless considering an additional compactification. However, it is possible to have “helicitiy in the transverse plane” [14] along X^− direction; J − J̄ = h ∈ Z , (3.5) which will play an important role in our later discussion.

In order to describe the space-time SUSY we must introduce the spin fields (up to cocycle factors) S^{ϵ0ϵ1ϵ2} = e^i(^{ϵ02 H0+ ϵ12 H1+ ϵ22} √ 3H_2) , (3.6)

where ϵ_i = ±. The free scalars H_i are defined by

i∂H_0 = ψ^+ψ^− , i∂H_1 = ψψ^∗ , √ 3i∂H_2 = −I_M , (3.7)

where I_M denotes the U(1)_R-current in the M sector and satisfies the OPE I_M(z)I_M(w) ∼ 3 (z − w)^2

. (3.8)

In order to define superstring vacua we must enforce the GSO condition which assures the locality of the supercharges. We shall consider the following two cases, which will be analysed separately.

– 5 –

3.1 Superstring vacua of H_4 × CY_3

We first consider the simpler case. We impose as the GSO condition

I_{M, 0} ∈ Z . (3.9)

This condition converts the SCFT M into a σ-model on CY_3 (in a broad sense) as in the Gepner models. Therefore, we obtain the background H_4 × CY_3, which is a naive extension of familiar string vacua R^{3,1} × CY_3.

Precisely speaking, one must of course further enforce the standard GSO projection with respect to the spin structures. For the spin fields we obtain 2∏ i=0 ϵ_i = +1 , (3.10)

in our convention.

The space-time supercharges are explicitly constructed as follows

Q^± = ∮ S^{+±±}e^{± i2 X+} e^{− ϕ2} , (3.11)

(and their counter parts in the right mover). They are obviously BRST invariant and act locally on all the states constrained by the above GSO condition.^2

It is easy to show that (3.11) are in fact the totality of possible supercharges, namely, the spin fields of the type S^{−∗∗} are not allowed. In fact, the BRST invariance and the mutual locality are not compatible for these operators. We hence (generically) obtain 4 supercharges, and this fact is consistent with the analysis of Killing spinors in type-II supergravity on generic pp-wave backgrounds (see, for example, [21]), in which the half chirality should be projected out.

The SUSY algebra is quite simple; {Q^+, Q^−} = F , {Q^±, Q^±} = 0 , [J , Q^±] = ± 1 2 Q^± , (3.12)

and other combinations of commutation relations with F, J , P and P^∗ vanish.

A few comments are in order:

1. Since the GSO projection (3.9) acts solely on M, we can freely choose the twist parameter η. This aspect is in a sharp contrast with the string vacua with enhanced SUSY we will discuss below.

2To be more precise, we must restrict p ∈ 2Z for the locality of (3.11). Nevertheless, we can incorporate all the representations of H4 current algebra into the physical Hilbert space owing to the equivalence between the type-II and type-III representations by spectral flow; H^{(II)}_{p,η} ∼= H^{(III)}_{p+1,η−1} , as we will again note in the later discussions.

– 6 –

2. Both of supercharges Q^+, Q^− (3.11) do not commute with the light-cone Hamiltonian H_{l.c.}^{def}= −(J + J̄ ), which is essentially the transverse Virasoro operator because of the on-shell condition. This fact implies that the number of physical states in the NS and R sectors is not balanced at each energy level. It sounds peculiar since we are now considering supersymmetric vacua in which Killing spinors exist. However, we can also employ the different light-cone Hamiltonian based on the quantization in the different coordinate system, which is related to the above H_{l.c.} by a shift of “angular momentum operator” [5, 13]. The right-moving supercharges Q̄^± do not commute with that Hamiltonian, while the left-movers Q^± commute. The supersymmetric cancellation for these vacua is realized in this sense.

3.2 Superstring vacua with enhanced supersymmetry

Let us next consider a different choice of GSO condition. This is the main subject in this paper. We shall take I_{tot,0} ≡ I_{H4, 0} + I_{M, 0} ∈ Z , (3.13)

where I_{H4} denotes the U(1)_R-current in the H_4 sector introduced in (2.6). The GSO condition incorporating spin structures further projects out the half degrees of freedom as usual. Especially, we obtain I_{tot,0} ∈ 2Z + 1 , (3.14)

for the NS sector.

The non-trivial difference from (3.9) is the existence of extra contribution to the U(1)_Rcharges from the twist field σ_η. It leads to a different locality condition of supercharges, and we find that the proper supercharges are Q^{±±} = ∮ S^{+±±}e^{±iX+} e^{− ϕ2} , (3.15) Q^{±∓} = ∮ S^{−±∓}e^{− ϕ2} , (3.16)

and their counterparts in the right mover. We thus obtain 8 supercharges enhanced twice compared with the previous case H_4 × CY_3. These operators generate the following SUSY algebra together with (3.3); [J , Q^{±±}] = ±Q^{±±} , [J , Q^{±∓}] = 0 , [Q^{−+}, P ] = Q^{++} , [Q^{+−}, P^∗] = −Q^{−−} , {Q^{++}, Q^{−−}} = −F , {Q^{+−}, Q^{−+}} = J , {Q^{+−}, Q^{++}} = P , {Q^{−+}, Q^{−−}} = P^∗ . (3.17)

This is a natural supersymmetric extension of H_4 Lie algebra and can be derived by contracting the “zero-mode subalgebra” {L_0, L_{±1}, I_0, G^±_{1/2}, G^±_{∓1/2}} of N = 2 superconformal algebra. This aspect of course reflects the fact that the string vacua of this type can be obtained as the Penrose limit of the AdS_3 × S^1 × M^′(k) superstring [9], as we already mentioned.

– 7 –

We here make a few comments:

1. Because we are now choosing the GSO condition (3.13) rather than (3.9), the possible value of twist parameter η should depend on the spectrum of M sector. In particular, since M is assumed to be a rational SCFT, only the rational values of η are allowed. This fact makes the total conformal system easier to deal with from the view points of modular invariance.

2. We now have the supercharges including the spin fields of the type S^{−∗∗} in contrast to the previous case. Such supercharges, that is, Q^{±∓}, commute with J , implying that the physical states in the NS and R sectors are manifestly balanced at each energy level.

Now, let us analyse the physical Hilbert space for each representations.

1. Type-I representations For the (flowed) type-I representations things become very easy, since we have no twisted coordinates. In this case the GSO condition (3.13) allows the physical states only in the integral U(1)_R-charge sectors of M. Hence it seems that the physical spectrum simply reduces to that of R^{3,1} × M|_{U(1)-projected} ∼= R^{3,1} × CY_3.

However, there is a slight difference. Since the spectral flow parameter p is discrete, we should have the discretized light-cone momentum

F = F̄ = p ∈ Z . (3.18)

Moreover, the on-shell condition and (3.5) yield the following level matching condition

L^{tr}_0 − L̄^{tr}_0 ∈ pZ . (3.19)

Therefore we have obtained the physical spectrum which is the same as that of the DLCQ (discrete light-cone quantization) superstring theory [22] on R^{3,1} × CY_3 with the null compactification X^− ∼ X^− + 2π.

2. Type-II (and type-III) representations The sectors including type-II and type- III representations are more interesting and contain new physical states that are absent in the usual Calabi-Yau compactifications. Strings in these sectors cannot freely propagate along the transverse directions (in the four dimensional space-time), because these sectors are described by the twisted string coordinates that have no zero-modes.

It is especially important to study the BPS states. We only focus on the type-II representations (0 < η < 1) and the analysis is parallel for the type-III representations (−1 < η < 0). The BPS states are characterized by the condition J = 0. We thus start with the candidates of the forms (in the NS sector) e^{i(p+η)X−} σ_η|0⟩_{H4} ⊗ O|0⟩_M ⊗ ce^{−ϕ}|0⟩_{gh} , (3.20) ψ_{−1/2+η} e^{i(p+η)X−} σ_η|0⟩_{H4} ⊗ O|0⟩_M ⊗ ce^{−ϕ}|0⟩_{gh} , (3.21) where O denotes an arbitrary (anti) chiral primary field in the M sector which has U(1)_R-charge Q(O) (and hence the conformal weight h(O) =^1_2 Q(O) for chiral primary

– 8 – and h(O) = −^1_2 Q(O) for anti-chiral primary). For the “tachyon like” state (3.20) the on-shell condition gives us η + |Q(O)| = 1 . (3.22) The GSO condition (3.14) can be written as

−η + Q(O) ∈ 1 + 2Z , (3.23)

which is compatible with (3.22) in the case of anti-chiral primary states Q(O) < 0.

On the other hand, for the “graviton like” state (3.21) the on-shell condition leads to

η = |Q(O)| , (3.24)

which is compatible with the GSO condition

−η + Q(O) ∈ 2Z , (3.25)

in the case of chiral primary states Q(O) > 0.

We remark that the states with fractional Q(O) contribute to these sectors. Such physical states are absent in the usual Calabi-Yau compactifications. Moreover, we should note the fact that all the world-sheet (anti) chiral primaries O do not necessarily correspond to the space-time BPS states. In fact, we could use the (anti) chiral primaries with |Q(O)| ≤ 3 in principle. However, the on-shell conditions for the BPS states (3.24) cannot be always satisfied, since we have the constraint 0 < η < 1.

More general physical states are created by the DDF operators, which are BRST invariant and act locally on the Fock vacua constrained by the GSO condition (3.13);

P_n = 1 √ p + η ∮ ψe^{i n+ηp+η X+} e^{−ϕ} , P^∗_n = 1 √ p + η ∮ ψ^∗e^{i n−ηp+η X+} e^{−ϕ} , Q^{±±}_n = 1 √ p + η ∮ S^{+±±}e^{n±ηp+η X+} e^{− ϕ2} . (3.26) Obviously, √ p + ηP_p ≡ P, √ p + ηP^∗_{−p} ≡ P^∗, √ p + ηQ^{++}_p ≡ Q^{++}, √ p + ηQ^{−−}_{−p} ≡ Q^{−−} and they satisfy the following (anti-)commutation relations

[P_m, P^∗_n] = m + η p + η δ_{m+n,0} , {Q^{++}_m , Q^{−−}_n } = −δ_{m+n,0} , [J , P_n] = n + η p + η P_n , [J , P^∗_n] = n − η p + η P^∗_n , [J , Q^{++}_n ] = n + η p + η Q^{++}_n , [J , Q^{−−}_n ] = n − η p + η Q^{−−}_n . (3.27)

Furthermore, (P_n, Q^{++}_n ) and (P^∗_n, Q^{−−}_n ) compose supermultiplets with respect to Q^{+−}, Q^{−+}, namely,

[Q^{−+}, P_n] = n + η p + η Q^{++}_n , {Q^{+−}, Q^{++}_n } = P_n ,

[Q^{+−}, P^∗_n] = n − η p + η Q^{−−}_n , {Q^{−+}, Q^{−−}_n } = P^∗_n . (3.28)

– 9 –

Unfortunately, these DDF operators alone cannot generate the full BRST cohomology in contrast to the case of Penrose limit of AdS_3 × S^3 × M^4 discussed in [11]. This fact is due to the lack of detailed information of M sector, and it seems difficult to construct the concrete DDF operators describing the excitations in M sector. However, we can nevertheless analyze these excitations at least in the light-cone gauge quantization. We later compute the one-loop partition functions, which should contain the full information of physical states.

To close this section we present a brief discussion about the AdS_3/CF T_2 correspondence. As we already mentioned, in some cases H_4 × M models can be regarded as the Penrose limits of AdS_3 × S^1 × M^′, which amount to focusing on the almost BPS states with large R-charges as in [10]. Until now, the satisfactory holographic dual theories are not known for the general string vacua of this type. However, some symmetric orbifold theories are proposed in [23] as in AdS_3 × S^3 × M^4 (M^4 = T^4 or K3). In this sense it may be interesting to investigate to what extent we can relate the string spectrum in the H_4 × M models with the almost BPS spectrum of some symmetric orbifold theories as a natural extension of our previous work [11].

For arbitrary M the story seems to be difficult. In fact, all the string vacua are not necessarily obtained from the vacua of the type AdS_3 × S^1 × M^′. We thus specialize to the cases of M^′ = M_k ⊗ M_0, where M_k denotes the (k + 2)-th N = 2 minimal model (c = 3 − 6/k) and M_0 is an arbitrary N = 2 unitary rational CFT with c = 6. We also assume that k is equal to the level of SL(2; R) WZW model describing the AdS_3 string. In those cases the Penrose limits k → ∞ of AdS_3 ×S^1 ×M^′ are described by the string vacua of the type we are now discussing. In the cases M_0 = T^4 or T^4/Z_2 the model reduces to the simpler one H_6 × M_0 which we studied in the previous paper [11]. Therefore, it seems natural to expect that the dual theory of the present model is the superconformal theory of the type Sym^M (M_0) ≡ M^M_0 /S_M , where S_M means the M-th symmetric group.

Let us now observe whether this proposal is correct. We concentrate on the Z_N-twisted sector, which corresponds to the single particle Hilbert space of the “long string of length N” and is described by an N = 2 SCA {L̂_n, Î_n, Ĝ^±_r } with c = 6N. The analysis of BPS states similar to [11] leads to the spectrum; h ≡ Q 2 = Q_{M0} 2 + 1 2 (N − 1) , (3.29)

where Q_{M0} denotes the possible R-charge of chiral primary fields of M_0 (0 ≤ Q_{M0} ≤ 2). The Penrose limit corresponds to the large N, and in that case the BPS states have approximately degenerate R-charge Q ≈ N. We should employ the identifications as in [11]; F ←→ 1 k ( 1 2 Î_0 + L̂_0 ) , J ←→ 1 2 Î_0 − L̂_0 . (3.30)

We thus assign N = k(p + η). (3.31)

– 10 –

We can suppose that the U(1)_R-charges in M^′ ≡ M_k ⊗ M_0 are quantized by the unit 1/k for sufficiently large k, and hence η is also quantized as η = l/k by the GSO condition (3.13). Therefore, (3.31) is a consistent relation and we can uniquely define p, η from N, k. In other words, we should define the “Penrose limit” of the present symmetric orbifold theory as N → ∞, k → ∞ with keeping F = N/k, J (under the identification (3.30)) fixed to finite values. Under this limit the N = 2 SCA reduces to a super pp-wave algebra (3.27) and (3.28). We can explicitly define the operators generating it as J = 1 2 Î_0 − L̂_0 , F = 1 k ( 1 2 Î_0 + L̂_0 ) , P_n = − 1 √ N { p + η n + η L̂_{n+ηp+η} − 1 2 ( p + η n + η − 1 ) Î_{n+ηp+η} } , P^∗_n = 1 √ N { p + η n − η L̂_{n−ηp+η} − 1 2 ( p + η n − η + 1 ) Î_{n−ηp+η} } , Q^{∓±} = ±Ĝ^±_{∓ 12} , Q^{±±}_n = 1 √ N p + η n ± η Ĝ^±_{n±η} p+η ∓^1_2 . (3.32)

At first glance this result seems to be satisfactory. However, we have a serious puzzle. In contrast to the AdS_3 × S^3 × M^4 case, all the chiral primaries in the internal CFT M do not necessarily appear in the spectrum of space-time BPS states. In fact, the chiral primaries with 1 < Q_{M0} ≤ 2 cannot define the BPS states in the pp-wave string spectrum, as we observed before.^3 On the other hand, we are not likely to have any reason to restrict the chiral primaries to the ones with Q_{M0} ≤ 1 in the symmetric orbifold theory. We need make further investigation in order to understand completely the aspects of holographic duality in these background.^4

4. One-loop partition functions

In this section we compute the one-loop partition functions in the string vacua with enhanced SUSY discussed in the previous section. The partition function generally has the following form

Z_{1-loop} = ∫ F d^2τ τ_2 ∫ D[X^+, X^−, ψ^+, ψ^−]D[gh] e^{−SL−Sgh} Tr ( (−1)^Fq^{Ltr0 − 12} q̄^{L̄tr0 − 12} ) , (4.1)

where S_L and S_{gh} denote the actions of longitudinal sector {X^+, X^−, ψ^+, ψ^−} and the ghost sector, respectively. Moreover, L^{tr}_0 and L̄^{tr}_0 are the total Virasoro operators of transverse sector {Z, Z^∗, ψ, ψ^∗} × M (c = 12), and F denotes the space-time fermion number (mod 2). F denotes the conventional fundamental domain of the moduli space of torus; F = { τ = τ_1 + iτ_2 ∈ C ; |τ_1| ≤ 1 2 , |τ| ≥ 1, τ_2 > 0 } . (4.2)

3One can find that such missing BPS states correspond to non-normalizable states in the original AdS3 × S^1 × M^′ string theory before taking the Penrose limit, and hence do not appear in the physical Hilbert space. This problem is supposed to originate from this fact.

4The holographic duality in the string vacua including the H4 WZW model has been also discussed in [14] in a different context. It seems interesting to investigate the relation between the duality proposed in [14] and that originating from the AdS3 × S^1 × M^′ background.

– 11 –

Since the longitudinal oscillator part is cancelled with the ghost sector, the pathintegral along this direction reduces to the summation over zero-mode momenta. In the case of Minkowski space the longitudinal momenta are completely decoupled from the transverse sector, and we can easily perform the Gaussian integral of them (after performing the Wick rotation), which yields the correct modular weight ∼ 1/τ_2.

However, in the present case, the transverse spectrum non-trivially depends on the longitudinal momenta, namely, p, η in our previous notation. This feature is the main difficulty of calculating the partition function. We must carefully sum up over the longitudinal momenta after evaluating the transverse conformal blocks. Unfortunately, one can find that the naive calculation of the longitudinal sector leads to a divergence, even if performing the Wick rotation. A way to avoid this difficulty is to evaluate the thermal partition function, which amounts to compactifying the Euclidean time to a circle with the circumference β corresponding to the inverse temperature.

We first construct the suitable conformal blocks in the transverse sector, and then try to evaluate the longitudinal part of the path-integral as the thermal model.

4.1 Conformal blocks in transverse sector

First of all, to make the problem concrete we shall assume the Gepner type construction [7]; M = M_{k1} ⊗· · ·⊗M_{kr} , where M_k denotes the k-th N = 2 minimal model (ĉ(≡ c/3) =^k_{k+2} ), although it is in principle possible to work with more general models of rational SCFT. The criticality condition is given as r∑ i=1 k_i k_i + 2

= 3 . (4.3)

For later convenience we set K = L.C.M{k_i + 2} , (4.4)

then, the possible U(1)_R-charge in M sector is quantized as Q = a K , (a ∈ Z) . (4.5)

The most non-trivial part of constructing the conformal blocks in the transverse sector is taking account of the GSO projection (3.13). As in the Gepner models, we need the “twists” by the total U(1)_R-charge I_{tot, 0} ≡ I_{H4, 0} + I_{M, 0} as well as the projection of this charge. In this sense we should regard our enhanced SUSY models as the “orbifolds” (H_4 × M)/Z_K.

The conformal blocks we want should be decomposed into the contributions from (i) the (spectrally flowed) type-I representations and (ii) the type-II, III representations. Since the spectral flows relate the type-II and type-III representations as discussed in [11]; H^{(II)}_{p,η} ∼= H^{(III)}_{p+1,η−1} , (4.6) it is enough to consider only the flowed type-II representations. Therefore, we shall assume 0 ≤ η < 1 from here on.

– 12 –

The type-I sector (η = 0) is quite easy. As we already demonstrated, the GSO condition (3.13) leads to M/Z_K ∼= Gepner model for CY_3 . (4.7) Namely, the conformal blocks in this sector is the same as those appearing in the Gepner model describing CY_3.

The type-II representations are more interesting and can include new sectors not appearing in the usual CY_3 compactifications. Since the U(1)_R-charge of twisted Fock vacuum is equal to −η, the condition (3.13) leads to η = Q ≡ a K (mod Z) . (4.8)

Therefore, the fundamental conformal blocks in the H_4 sector reduce to those of the C /Z_K - orbifold; (we use the notation y ≡ e^{2πiz} , q ≡ e^{2πiτ} from now on)

f^{(NS)}_{(a,b)} (τ, z)^{def}= y^{−a/K} θ_3 ( τ, −z +^{aτ +b}_K ) θ_1 ( τ,^{aτ +b}_K ) , f^{( ~NS)}_{(a,b)} (τ, z)^{def}= y^{−a/K} θ_4 ( τ, −z +^{aτ +b}_K ) θ_1 ( τ,^{aτ +b}_K ) , f^{(R)}_{(a,b)}(τ, z)^{def}= y^{−a/K} θ_2 ( τ, −z +^{aτ +b}_K ) θ_1 ( τ,^{aτ +b}_K ) , f^{(~R)}_{(a,b)}(τ, z)^{def}= y^{−a/K} θ_1 ( τ, −z +^{aτ +b}_K ) θ_1 ( τ,^{aτ +b}_K ) , (4.9) where a, b ∈ Z , 0 ≤ a, b < K, (a, b) ≠ (0, 0). In order to introduce the conformal blocks in M sector we start with fixing a particular modular invariant; Z_M(τ, τ̄ ) = 1 2 ∑ I,Ī ∑ α N_{I,}¯_I F^{(α)}_I (τ, 0)F^{(α)}_Ī (τ̄, 0) , (4.10)

where α runs over the spin structures NS, ~NS, R, ~R. F^{(α)}_I (τ, z) are defined as the products of characters of the minimal models M_{ki} ;

F^{(α)}_I (τ, z) = r∏ i=1 ch^{(α)}_{li,mi} (τ, z) , for α = NS, ~NS ,

F^{(R)}_I (τ, z) = r∏ i=1 ch^{(R)}_{li,mi−1}(τ, z) ,

F^{(~R)}_I (τ, z) = (−1)^r r∏ i=1 ch^{(~R)}_{li,mi−1}(τ, z) , (4.11)

where I denotes the collective indices I ≡ ((l_1, m_1), . . . , (l_r, m_r)) and l_i+m_i ∈ 2Z. F^{(α)}_I (τ, z) generally possess the following modular properties

F^{(α)}_I (τ + 1, z) = e^{2πiγ(I,α)}F^{(T ·α)}_I (τ, z) , (4.12)

F^{(α)}_I (− 1 τ , z τ ) = e^{3πi z2τ} ∑ J,β S_{(I,α),(J,β)}F^{(β)}_J (τ, z) , (4.13)

– 13 – where we set

γ(I, α)^{def}= r∑ i=1 l_i(l_i + 2) − m^2_i 4(k_i + 2) + s(α) ,

s(α) = −^3_8 ( α = NS, ~NS ) 0 ( α = R, ~R ) , (4.14)

and introduced the notation

T · NS = ~NS , T · ~NS = NS , T · R = R , T · ~R = ~R . (4.15)

For S-transformation, we can generally find the following form of modular S-matrix

S_{(I,α),(J,β)} = S_{IJ} 0 0 0 0 0 e^{−iπQ(I)}S_{IJ} 0 0 e^{−iπQ(J)}S_{IJ} 0 0 0 0 0 −ie^{−iπ(Q(I)+Q(J))}S_{IJ} , (4.16)

where we set (the “total U(1)_R-charge”)

Q(I)^{def}= r∑ i=1 m_i k_i + 2

, (4.17)

and S_{IJ} can be calculated from the knowledge of N = 2 minimal model. In the expression of (4.16) the rows and columns correspond to α = NS, ~NS, R, ~R. The modular invariance of (4.10) requires the next condition ∑ I,Ī,α,ᾱ N_{I,}¯_I δ_{αᾱ}S_{(I,α),(J,β)}S^∗(_{Ī,ᾱ})_,(_{J̄,β̄}) = N_{J,}¯_J δ_β¯_β , (4.18)

N_{I,}¯_I = 0 , unless γ(I, α) − γ (¯ I, α ) ≡ 0 (mod 1) . (4.19)

The simplest example satisfying (4.18) and (4.19) is of course the diagonal modular invariant;

N_{I,}¯_I = 1 2^r r∏ i=1 ( δ_{li,}¯_{li} δ_{mi,m̄i} + δ_{ki−li}¯_{li} δ_{mi+ki+2,m̄i} ) . (4.20)

(The second term is due to the field identification of minimal model.)

Now, the task we have to do is the orbifold procedure which imposes the GSO condition (3.13). We must consider several twists by the total U(1)_R-charge I_{tot,0} ≡ I_{H4,0} + I_{M,0} both along the spatial and temporal directions. To this aim it is convenient to introduce the “spectral flow invariant orbits” as in the Gepner model cases (see, for example, [24]). We first focus on the NS sector. The actions of spectral flows with integral parameters are realized as the procedure z → z + mτ + n (m, n ∈ Z), and we set

F^{(NS)}_{I,(m,n)}(τ, z)^{def}= q^{32 m2} y^{3m}F^{(NS)}_I (τ, z + mτ + n) , (m, n ∈ Z) . (4.21)

– 14 –

This function possesses the next periodicity F^{(NS)}_{I,(m+Kr,n+Ks)}(τ, z) = F^{(NS)}_{I,(m,n)}(τ, z) , (_∀ r, s ∈ Z ) . (4.22)

We thus only have to concentrate on the range m, n ∈ Z_K when considering the summation with respect to the integral spectral flows. The summation^1_K ∑ m,n∈Z_K F (NS) I,(m,n) yields the

flow invariant orbits in the Gepner model for CY_3 [24] in which only the states with the integral I_{M,0} charges survive. However, since our GSO condition is now modified to (3.13), we must construct the orbits suitably including the functions f^{(NS)}_{(a,b)} (τ, z). The condition (3.13) needs the phase factor e^{−2πi na}K in the summation of spectral flows. However, we must rather employ the factor e^{2πi mb−na}K to realize good modular properties. In this way the desired flow invariant orbits should be

F^{(NS)}_{I,(a,b)}(τ, z)^{def}= 1 K ∑ m,n∈Z_K e^{2πi mb−naK} f^{(NS)}_{(a,b)} (τ, z)F^{(NS)}_{I,(m,n)}(τ, z) ≡ 1 K ∑ m,n∈Z_K e^{2πi mb−naK} q^{32 m2} y^{3m}f^{(NS)}_{(a,b)} (τ, z)F^{(NS)}_I (τ, z + mτ + n) . (4.23)

By construction it is obvious that F^{(NS)}_{I,(a,b)}(τ, z) ≡ 0 unless Q(I) ≡^a_K (mod 1) (that is, the GSO condition (3.13)). For other spin structures the flow orbits are defined with the helps of half integral spectral flows;

F(^{~NS})_{I,(a,b)}(τ, z)^{def}= F^{(NS)}_{I,(a,b)} ( τ, z + 1 2 )

≡ 1 K ∑ m,n∈Z_K e^{2πi mb−} (n+^1_2 )a K q^{32 m2} y^{3m}(−1)^mf(^{~NS})_{(a,b)} (τ, z) ×

× F (^{NS})_I ( τ, z + mτ + ( n+ 1 2 )) , F^{(R)}_{I,(a,b)}(τ, z)^{def}= q^{12} y^2F^{(NS)}_{I,(a,b)} ( τ, z + τ 2 )

≡ 1 K ∑ m,n∈Z_K e^{2πi} (m+^1_2 )b−na

K q^{32} (^{m+ 12} )^2 y^3(^{m+ 12} )f^{(R)}_{(a,b)}(τ, z) ×

× F^{(NS)}_I ( τ, z + ( m+ 1 2 ) τ+n ) , F(^{~R})_{I,(a,b)}(τ, z)^{def}= q^{12} y^2F(^{NS})_{I,(a,b)} ( τ, z + τ 2 + 1 2 )

≡ 1 K ∑ m,n∈Z_K e^{2πi} (m+^1_2 )b−(n+^1_2 )a

K q^{32} (^{m+ 12} )^2 y^3(^{m+ 12} )(−1)^mf^{(~R)}_{(a,b)}(τ, z) ×

× F^{(NS)}_I ( τ, z + ( m + 1 2 ) τ + ( n + 1 2 )) . (4.24)

– 15 –

It is convenient to also introduce the conformal blocks of the a = b = 0 sector, which corresponds to the type-I representations;

F^{(NS)}_{I,(0,0)}(τ, z)^{def}= 1 K 1 (2π)^22τ_2 θ_3(τ, z) η(τ)^3 ∑ m,n∈Z_K F^{(NS)}_{I,(m,n)}(τ, z)

≡ 1 K 1 (2π)^22τ_2 θ_3(τ, z) η(τ)^3 ∑ m,n∈Z_K q^{32 m2} y^{3m}F^{(NS)}_I (τ, z + mτ + n) , (4.25)

and also,

F(^{~NS})_{I,(0,0)}(τ, z)^{def}= F^{(NS)}_{I,(0,0)} ( τ, z + 1 2 ) , F^{(R)}_{I,(0,0)}(τ, z)^{def}= q^{12} y^2F^{(NS)}_{I,(0,0)} ( τ, z + τ 2 ) , F(^{~R})_{I,(0,0)}(τ, z)^{def}= q^{12} y^2F^{(NS)}_{I,(0,0)} ( τ, z + τ 2 + 1 2 ) . (4.26)

In the expression (4.25),^1_K ∑ m,n∈Z_K F (NS) I,(m,n)(τ, z) correspond to the orbits for CY3, and

the factor ∼ 1/τ_2 originates from the zero-mode integral along the transverse plane Z and Z^∗.

The modular properties of flow orbits F^{(α)}_{I,(a,b)}(τ, z) are given by straightforward calculations; F^{(α)}_{I,(a,b)}(τ + 1, z) = e^{2πiγ̂(I,a,α)}F^{(T ·α)}_{I,(a,b+a)}(τ, z) , (4.27) F^{(α)}_{I,(a,b)} ( − 1 τ , z τ ) = ie^{iπ 4z2τ} ∑ J S_{IJ} F^{(S·β)}_{J,(b,−a)}(τ, z) , (4.28) where S_{IJ} were defined in (4.16) and we introduced the notation

S · NS = NS , S · ~NS = R , S · R = ~NS , S · ~R = ~R , (4.29)

as before. γ̂(I, a, α) is defined as

γ̂(I, a, α)^{def}= r∑ i=1 l_i(l_i + 2) − m^2_i 4(k_i + 2) − 1 2 Q(I) + a 2K + ŝ(α) ,

ŝ(α)^{def}=

−^1_2 ( α = NS, ~NS ) 0 ( α = R, ~R ) . (4.30)

We also remark the next spectral flow symmetry q^{2r2} y^{4r}F^{(α)}_{I,(a,b)}(τ, z + rτ + s) = F^{(α)}_{I,(a,b)}(τ, z) , (^∀r, s ∈ Z) , (4.31) which is obvious by construction.

At this stage it is quite easy to construct a modular invariant. We must sum up over the spin structures both in the left and right movers independently (to impose the GSO projection in the usual sense). One subtlety is the existence of redundancy within

– 16 – the representations appearing in the flow invariant orbits F^{(α)}_{I,(a,b)}. We need renormalize properly the modular invariant coefficients N_{I,}¯_I to avoid overcounting. We thus do it so that the coefficient of the “graviton orbit”, which is the orbit of identity representation in M and resides in the (flowed) type-I representations, is fixed to be 1, according to [24]. We write the modular coefficients renormalized in this way as N̂_{I,}¯_I , and finally obtain the following partition function Z(τ, τ̄) = 1 4 ∑ a,b∈Z_K ∑ α,ᾱ ∑ I,Ī ϵ(α)ϵ(ᾱ)N̂_{I,}¯_I F^{(α)}_{I,(a,b)}(τ, 0)F^{(ᾱ)}_{Ī,(a,b)}(τ, 0)^∗ , (4.32)

where we introduced the symbol

ϵ(α) = +1 for α = NS, ~R , ϵ(α) = −1 for α = ~NS, R . (4.33)

One can confirm straightforwardly the modular invariance with the helps of the relations (4.27) and (4.28).

However, this is not the desired partition function of our enhanced SUSY model, since the transverse Hilbert space should depend on the longitudinal momenta p, η ≡ a/K as we already mentioned. In particular, we must correctly impose the level matching condition

L^{tr}_0 − L̄^{tr}_0 ∈ ( p + a K ) Z . (4.34)

The modulus integral ∫ dτ_1 of (4.32) leads us to the level matching condition in the flat background L^{tr}_0 − L̄^{tr}_0 = 0 , (4.35)

rather than (4.34). In fact, the modular invariant (4.32) is no other than the partition function of a simpler string vacuum R^{1,1} ×((C /Z_K ) × M) /Z_K (up to normalization), where the overall denominator Z_K means the orbifoldization associated with the GSO projection as in Gepner model. Nevertheless, we can use F^{(α)}_{I,(a,b)}(τ, z) as the correct building blocks of desired partition function we will discuss later.

Let us next argue on the consistency of the conformal blocks F^{(α)}_{I,(a,b)}(τ, z) with the existence of space-time SUSY.

4.2 Consistency with space-time SUSY

It is an important consistency check of our conformal blocks F^{(α)}_{I,(a,b)}(τ, z) (4.23), (4.24), (4.25), (4.26) to confirm the cancellation of NS and R sectors, namely, ∑ α ϵ(α)F^{(α)}_{I,(a,b)}(τ, z) ≡ 0 , (^∀I, a, b) . (4.36) In order to show that this is indeed the case, we first note the fact that the total conformal system M × {Z, Z^∗, ψ, ψ^∗} is an N = 2 SCFT with c = 12. The conformal blocks F^{(α)}_{I,(a,b)}(τ, z) correspond to (reducible) unitary representations of c = 12 N = 2 SCA and hence they must be decomposed into unitary irreducible characters of c = 12 N = 2 SCA. Furthermore, it is obvious by our construction that the conformal blocks should be

– 17 – expanded by the “extended characters” with coefficients of positive integers, which are defined by summing up of the irreducible characters over the integral spectral flows. More precisely, the extended characters are defined by the relation such as

Ch^{(NS)}(∗; τ, z) = ∑ m∈Z q^{2m2} y^{4m}ch^{(NS)}(∗; τ, z + mτ) , (4.37)

where ch^{(NS)}(∗; τ, z) denotes the character of an unitary irreducible representation N = 2 SCA with c = 12. Such characters can be regarded as the ones of the extended superconformal algebras characteristic for the superstrings on SU(n) holonomy manifolds (in the case of c = 3n), often called “c = 3n algebras”. They are defined by adding the spectral flow generators to the original N = 2 SCA. The most familiar example is of course the c = 6 case, in which the extended algebra is no other than the (small) N = 4 SCA with level 1 and the properties of N = 4 characters as the spectral flow sum of N = 2 characters are clarified in [25, 24]. For the c = 9 case parallel analyses are presented in [26, 24], and the explicit forms of the extended characters are given in [26].

For the present case of c = 12 we can work out the similar analysis and the extended characters are classified as

• three continuous series of “massive representations”, which contain no null states in the spectra: (i) Ch^{(α)}(h, Q = 0; τ, z) (h > 0), (ii) Ch^{(α)}(h, Q = +1; τ, z) (h > 1/2), and (iii) Ch^{(α)}(h, Q = −1; τ, z) (h > 1/2).

• four “massless representations”, which contain null states and (anti) chiral primary states h =^{|Q|}_2 as the vacuum states: (i) Ch^{(α)}_0 (Q = 0; τ, z), (ii) Ch^{(α)}_0 (Q = +1; τ, z), (iii) Ch^{(α)}_0 (Q = −1; τ, z), and (iv) Ch^{(α)}_0 (Q = |2|; τ, z). (In the fourth case the vacuum states are doubly degenerated, h = 1, Q = 2 and h = 1, Q = −2.)

For example, the massive character (in NS sector) Ch^{(NS)}(h, Q = 0; τ, z) is calculated as

Ch^{(NS)}(h, Q = 0; τ, z) = q^{h−3/8}Θ_{0,3/2}(τ, 2z) θ_3(τ, z) η(τ)^3

. (4.38)

The detailed analysis and the explicit forms of all the other characters are summarized in appendix B. Among other things, we can show the identities ∑ α ϵ(α)Ch^{(α)}_{(0)} (∗; τ, 0) ≡ 0 , (4.39)

for all the extended characters. This fact directly proves the supersymmetric cancellation of our conformal blocks (4.36). Since the discussion here is quite general, we can apply this result to arbitrary unitary N = 2 SCFTs with c = 12, which is relevant for arbitrary compactifications of SU(n) holonomy manifolds.

4.3 Thermal partition functions of enhanced SUSY models Now, let us compute the longitudinal part of partition function as a thermal model as we already declared. We first recall the spectrum of longitudinal momentum p^+(≡ F);

p^+ = p + a K ≡ pK + a K , (p ∈ Z_{≥0}, 0 ≤ a < K) . (4.40)

– 18 –

We emphasize that this spectrum is discretized by the GSO condition (4.8) and the rationality of M sector. The level matching condition of transverse sector is written as (4.34), which is derived from the condition (3.5) p^− − p̄^−(≡ J − J̄ ) = h ∈ Z. On the other hand, the modular invariance also requires L^{tr}_0 − L̄^{tr}_0 ∈ Z. Therefore we shall assume the next level matching condition stronger than (4.34);

L^{tr}_0 − L̄^{tr}_0 ∈ (pK + a)Z . (4.41)

It is remarkable that the spectra (4.40) and (4.41) are formally equivalent to those of DLCQ string theory [22] with the compactification radius R = K. The thermal partition function of DLCQ string theory has been calculated in [27] and we can make use of their result. Let us now present a very short review of it.

We first consider the bosonic string case for simplicity. In the Wick rotated space-time X^± ≡^{1√}_2 (X^1 ± iX^0_E ), the DLCQ string theory (X^− ∼ X^− + 2πR) is described by the identification X^0_E ∼ X^0_E + √ 2πRi , X^1 ∼ X^1 + √ 2πR , (4.42) and the thermal compactification is defined as

X^0_E ∼ X^0_E + β , (4.43)

where β denotes the inverse temperature. When calculating the Polyakov path-integral, the longitudinal oscillator part is cancelled out with the ghost sector. The calculation of zero-mode part reduces to summing up of the classical action over the “instantons” with various winding numbers m, n, r, s;

X^0_E (w + 2π, w̄ + 2π) = X^0_E (w, w̄) + βm + √ 2πRir , X^0_E (w + 2πτ, w̄ + 2πτ̄) = X^0_E (w, w̄) + βn + √ 2πRis , X^1(w + 2π, w̄ + 2π) = X^1(w, w̄) + √ 2πRr , X^1(w + 2πτ, w̄ + 2πτ̄) = X^1(w, w̄) + √ 2πRs . (4.44)

Note that the sector of m = n = 0, which corresponds to the vacuum energy in the zero temperature limit, yields a divergent contribution. We should subtract it and hence assume (m, n) ≠ (0, 0) in the summation. The summation over r, s can be now easily carried out and gives a periodic delta function on moduli space of torus. We hence obtain ∫ D[X^+, X^−]D[gh] e^{−SL−Sgh} = ν ∑ m,n,p,q e^{− β} 2|mτ −n|2 8πτ2 δ(2) ((mν + ip)τ − (nν + iq))

≡ 1 τ_2 ρ(τ, τ̄) , (4.45)

where we set ν = √ 2βR 8π . Clearly ρ(τ, τ̄ ) is modular invariant; ρ(τ + 1, τ̄ + 1) = ρ(τ, τ̄) , ρ(−1/τ, −1/τ̄ ) = ρ(τ, τ̄) , (4.46) and thus Z_{1-loop} = ∫ F d^2τ τ^2_2 ρ(τ, τ̄ )Z^{tr}(τ, τ̄ ) (4.47)

is the correct form of one-loop partition function of string theory.

– 19 –

For the type-II superstring case we only have to modify the function ρ(τ, τ̄ ) so as to include suitably the spin structures of world-sheet fermions [28, 27]. More precisely, we obtain ρ^{(α,ᾱ)}(τ, τ̄ ) = ν ∑ m,n,p,q τ_2e^{− β} 2|mτ −n|2 8πτ2 κ(α; m, n)κ(ᾱ; m, n) × × δ^{(2)} ((mν + ip)τ − (nν + iq)) , (4.48) κ(NS; m, n)^{def}= 1 , κ( ~NS; m, n)^{def}= (−1)^m , κ(R; m, n)^{def}= (−1)^n , κ(~R; m, n)^{def}= (−1)^{m+n} . (4.49)

The phase factors κ(α; m, n) are most easily understood by recalling the correct boundary conditions in the thermal field theory of point particles (for the m = 0 cases) and further taking account of the consistency with modular invariance.

Now, let us return to the present problem. It seems enough to simply replace R with K in the above result (4.48). However, because the boundary conditions of transverse string coordinates Z, Z^∗, ψ, and ψ^∗ are related to the longitudinal momentum p^+ = p +^a_K , we need a slight modification in order to recover the correct level matching condition. We can make a simple guess that the following decomposition of (4.48) works as the correct modification; ρ^{(α,ᾱ)}(τ, τ̄) = ∑ a,b∈Z_K ρ^{(α,ᾱ)}_{(a,b)} (τ, τ̄ ) , (4.50)

ρ^{(α,ᾱ)}_{(a,b)} (τ, τ̄)^{def}= ν ∑ m,n,p,q τ_2e^{− β} 2|mτ −n|2 8πτ2 κ(α; m, n)κ(ᾱ; m, n) × × δ^{(2)} ((mν + i(pK + a))τ − (nν + i(qK − b))) . (4.51)

The functions ρ^{(α,ᾱ)}_{(a,b)} (τ, τ̄) have the periodicity ρ^{(α,ᾱ)}_{(a+pK,b+qK)}(τ, τ̄ ) = ρ^{(α,ᾱ)}_{(a,b)} (τ, τ̄ ) , (4.52) and the expected modular properties ρ^{(α,ᾱ)}_{(a,b)} (τ + 1, τ̄ + 1) = ρ^{(T ·α,T ·ᾱ)}_{(a,b+a)} (τ, τ̄ ) , ρ^{(α,ᾱ)}_{(a,b)} (−1/τ, −1/τ̄ ) = ρ^{(S·α,S·ᾱ)}_{(b,−a)} (τ, τ̄ ) . (4.53) Therefore we propose the following partition function as the correct thermal partition function, of which validity is confirmed just below;

Z_{1-loop} = ∫ F d^2τ τ^2_2 1 4 ∑ a,b ∑ α,ᾱ ∑ I,Ī ρ^{(α,ᾱ)}_{(a,b)} (τ, τ̄ )ϵ(α)ϵ(ᾱ)N̂_{I,}¯_I F^{(α)}_{I,(a,b)}(τ, 0)F^{(ᾱ)}_{Ī,(a,b)}(τ, 0)^∗

≡ 1 4 ∑ m,n,p,q ∑ a,b ∑ α,ᾱ ∑ I,Ī νe^{− β} 2|mτ −n|2 8πτ2 m^2ν^2 + (pK + a)^2 1 τ_2 κ(α; m, n)κ(ᾱ; m, n)ϵ(α)ϵ(ᾱ) × × N̂_{I,}¯_I F^{(α)}_{I,(a,b)}(τ, 0)F^{(ᾱ)}_{Ī,(a,b)}(τ, 0)^∗ , (4.54)

– 20 – where we set τ = nν + i(qK − b) mν + i(pK + a) , (4.55)

in the last line. Recall that the parameter ν is defined as ν = √ 2βK/8π (since the DLCQ radius is now equal to K). The summation with respect to m, n, p, q should be taken over the range such that τ ∈ F.

It is obvious by construction that the integrand of (4.54) is modular invariant, and thus it has a consistent form of one-loop partition function of string theory. It is enough to confirm that the level matching condition (4.34) or (4.41) is recovered in order to check the validity of this partition function. For this purpose it is easiest to make use of the following observation as presented in [29, 27]. We first note that (4.54) has the form such as Z_{1-loop} = ∑ m,n ∫ F d^2τ τ^2_2 f_{(m,n)}(τ, τ̄ ) , (4.56)

where m, n denote the winding numbers defined in (4.44). f_{(m,n)}(τ, τ̄) manifestly possesses the next modular property;

f_{(m}′_{,n}′_)(τ^′, τ̄^′) = f_{(m,n)}(τ, τ̄ ) ,

τ^′ = aτ + b cτ + d ,^∀A = ( a b c d ) ∈ SL(2; Z) ,

(m^′, n^′) = (m, n)A^{−1} . (4.57)

We can always find out a modular transformation such that m^′ = 0, n^′ < 0 for arbitrary (m, n) ≠ (0, 0). Therefore, we can take a different “gauge choice” m = 0, n < 0 and the modulus integral should be carried out in a larger domain F^′ ≡ { τ ∈ C ; |τ_1 | ≤ 1 2 , τ_2 > 0 } , (4.58)

rather than F.

In this way we can rewrite (4.54) as a simpler form;

Z_{1-loop} = 1 4 ∑ n,p,q ∑ a,b ∑ α,ᾱ ∑ I,Ī e^{− β} 2n2 8πτ2 n(pK + a) κ(α; 0, n)κ(ᾱ; 0, n)ϵ(α)ϵ(ᾱ) ×N̂_{I,}¯_I F^{(α)}_{I,(a,b)}(τ, 0)F^{(ᾱ)}_{Ī,(a,b)}(τ, 0)^∗ , (4.59)

where the integers n, p, q, a, b run over the range such that τ ≡^{qK−b+inν}_{pK+a} ∈ F^′.

Observing this expression, we can confirm that the summation over q with τ_1 =^{qK−b}_{pK+a} imposes the correct level matching condition (4.34) (and necessarily (4.41)). We thus conclude that (4.54) is the thermal partition function of (H_4 × M)/Z_K model we want.

– 21 –

Finally we make a few comments:

1. Although the conformal blocks F^{(α)}_{I,(a,b)} are supersymmetric as we already discussed, the space-time SUSY in the thermal model is completely broken. In fact, the partition function (4.54) (or (4.59)) does not vanish because of the existence of extra phase factor κ(α; m, n).

2. The free energy in the second quantized free string theory with finite temperature is computed as

F = 1 β Tr [ (−1)^F ln ( 1 − (−1)^Fe^{−βp0} )]

≡ − ∞∑ n=1 1 βn Tr [ (−1)^{(n+1)F}e^{−βnp0} ] , (4.60)

where F denotes the space-time fermion number (mod 2) and p^0 ≡^{1√}_2 (p^+ − p^−) is the space-time energy operator. The trace should be taken over the single particle physical Hilbert space on which the on-shell condition and the level matching condition are imposed. In the present case we can rewrite by means of the on-shell condition as

p^0 = 1 √ 2 ( pK + a K + K 2(pK + a) ( L^{tr}_0 + L̄^{tr}_0 − 1 ) ) . (4.61)

With the help of this equality and by observing the expression (4.59), it is not difficult to show the equality Z_{1-loop} = −βF . (4.62)

This fact provides the correct relation between the free energy in the second quantized theory and the one-loop partition function in the first quantized thermal string. We thus believe the consistency of our result (4.54) (or (4.59)).

4.4 Thermal partition functions of H_4 × CY_3 models

Finally, let us discuss the one-loop partition functions of string vacua H_4 × CY_3 defined by (3.9) in order to accomplish our study. We again compute it as the thermal model.

First of all, the conformal blocks in M sector are calculated independently of the H_4 sector;

G^{(NS)}_I (τ, z)^{def}= 1 K ∑ m,n∈Z_K F^{(NS)}_{I, (m,n)}(τ, z) , (4.63)

and the blocks for other spin structures are defined by the half integral spectral flows as before. They are the flow invariant orbits describing the σ model on CY_3 as already mentioned.

We calculate the partition function with discretizing the twist parameter η as η = a/N (N is an integer independent of K previously defined), and then consider the large N limit. Before taking the large N limit, we can obtain the thermal partition function by the similar

– 22 – calculations. However, we need a slight modification here. Since we must take the range p ∈ 2Z due to the locality of space-time supercharges (3.11), we have to now use both of the type-II and III representations. Therefore, the range of summation of a, b should be a, b ∈ Z_{2N} rather than a, b ∈ Z_N. We then obtain

Z_{1-loop} = ∫ F d^2τ τ^2_2 1 4 ∑ a,b∈Z_{2N} ∑ α,ᾱ ρ^{(α,ᾱ)}_{(a,b)} (τ, τ̄)ϵ(α)ϵ(ᾱ)f^{(α)}_{(a,b)}(τ, 0)f^{(ᾱ)}_{(a,b)}(τ, 0)^∗ × × ∑ I,Ī N̂_{I,Ī} G^{(α)}_I (τ, 0)G^{(ᾱ)}_Ī (τ, 0)^∗ , (4.64)

where f^{(α)}_{(a,b)}(τ, 0) ((a, b) ≠ (0, 0)) are defined in (4.9) with the integer K replaced with N (for the type-II and III representations), and f^{(α)}_{(0,0)}(τ, z) are defined as (for the type-I representations)

f^{(NS)}_{(0,0)} (τ, z)^{def}= 1 (2π)^22τ_2 θ_3(τ, z) η(τ)^3

, f^{( ~NS)}_{(0,0)} (τ, z)^{def}= 1 (2π)^22τ_2 θ_4(τ, z) η(τ)^3 , f^{(R)}_{(0,0)}(τ, z)^{def}= 1 (2π)^22τ_2 θ_2(τ, z) η(τ)^3

, f^{(~R)}_{(0,0)}(τ, z)^{def}= 1 (2π)^22τ_2 θ_1(τ, z) η(τ)^3

. (4.65)

ρ^{(α,ᾱ)}_{(a,b)} (τ, τ̄ ) is also defined in (4.51) again with the replacement of K by N, and p, q by 2p, 2q. Under the large N limit, it is easy to see that the contribution from type-I representations vanishes, and that of type-II and III representations can be evaluated by replacing the sum over a, b with the integral; 1 4N^2 ∑ a,b F (a/N, b/N) −→ ∫_1 −1 du ∫_1 −1 dvF (u, v) . (4.66)

Obviously we must include the divergent volume factor V ≡ √ 2πβN. We finally obtain

Z_{1-loop} = V 8π^2 ∫ F d^2τ τ^2_2

∫_1 −1 du ∫_1 −1 dv ∑ α,ᾱ ∑ m,n,p,q τ_2e^{− β} 2|mτ −n|2 8πτ2 κ(α; m, n)κ(ᾱ; m, n)×

× δ^{(2)} ((√ 2β 8π m+i(2p+u) ) τ− (√ 2β 8π n + i(2q−v) )) × (4.67) × ϵ(α)ϵ(ᾱ)g^{(α)}_{(u,v)}(τ, 0)g^{(ᾱ)}_{(u,v)}(τ, 0)^∗ ∑ I,Ī N̂_{I,Ī} G^{(α)}_I (τ, 0)G^{(ᾱ)}_Ī (τ, 0)^∗,

where we set g^{(α)}_{(u,v)}(τ, z)^{def}= f^{(α)}_{(a,b)}(τ, z) with the identifications u ≡ a/N, v ≡ b/N, (a, b) ≠ (0, 0). The integrand of modulus integral in (4.67) is manifestly modular invariant.

We note that the transverse conformal blocks are not cancelled in contrast to the enhanced SUSY model (H_4 × M)/Z_K; ∑ α ϵ(α)g^{(α)}_{(u,v)}(τ, z)G^{(α)}_I (τ, z) ≢ 0 , (_∀ (u, v) ∉ Z × Z,^∀I ) . (4.68)

– 23 –

This result is not a contradiction, because the SUSY charges (3.11) do not commute with the light-cone Hamiltonian H_{l.c.} ≡ −(J + J̄ ). However, as we commented before, if one uses the light-cone Hamiltonian (or the transverse Virasoro operators) of the type given in [5, 13] to define the conformal blocks, one can find that the supersymmetric cancellation occurs (only for the left-mover) in the same way as that of superstring vacua R^{3,1} × CY_3.

We finally comment on the zero-temperature limit β → ∞. This is equal to the vacuum energy and captured only by the m = n = 0 sector. Although we have subtracted this sector in defining the thermal partition function, it is interesting to set formally m = n = 0 in the expression of (4.67). The integrations of the parameters u, v are easily carried out because of the delta function factor, and g^{(α)}_{(u,v)} reduces to

∼ τ^{−1}_2 × infinite volume factor × f^{(α)}_{(0,0)} , (4.69)

where f^{(α)}_{(0,0)} is defined in (4.65). Therefore, the vacuum energy becomes the partition function of R^{3,1} × CY_3 (up to an infinite volume factor).^5 This result is likely to be consistent with the observation given in [3, 5, 15].

5. Discussions

In this paper we have explored superstring vacua constructed from the conformal theory H_4 × M. The choice of GSO projection is a key ingredient. The simplest choice (3.9) gives the background H_4 × CY_3. These string vacua have a manifest geometric interpretation and have unbroken SUSY (4 supercharges) that is consistent with the analysis of Killing spinor in supergravity. In fact, it is shown that the half of maximal SUSY with a particular chirality associated with one of the light-cone coordinate are left unbroken (see, for example, [21, 8]). Such unbroken SUSY corresponds to the supercharges made up of the spin fields of the types S^{+∗∗} in our context and is described by (3.11) more explicitly.

On the other hand, the enhanced SUSY vacua are defined by the GSO condition (3.13) and have 8 supercharges, namely, the maximal SUSY in the Calabi-Yau compactification of type-II string. Typical models of such string vacua can be constructed from the string theories on AdS_3 × S^1 × M^′ by taking the Penrose limit, and the number of unbroken SUSY is consistent with this fact. Although the bulk physics seems to be the same as in the first case H_4 × CY_3, which corresponds to the sectors of free strings described by the spectrally flowed type-I representations, these backgrounds do not have a naive geometrical interpretation. In particular, one cannot regard the target space as a simple direct product because of the orbifoldization associated with the GSO projection (3.13).

Nevertheless, we can get an intuitive insight for the reason why we can obtain the enhanced SUSY by observing the simple example H_6 × T^4. This is obtained by taking the Penrose limit of AdS_3 × S^3 × T^4 and is a special case of our enhanced SUSY vacua as we mentioned in section 3. This background is described by the σ model [13] L = ∂u ¯∂v + F_{ij} x^i∂u ¯∂x^j + ∂x^i ¯∂x^i , (5.1) 5The same result may be also derived from the fact that the vacuum energy in the zero-temperature does not depend on the DLCQ radius (equal to N in the present case) as discussed in [27].

– 24 – where i, j = 1, . . . , 8 and the NSNS-flux is given by F_{ij} = fϵ_{ij}(i, j = 1, 2) (for the AdS_3 direction) and F_{kl} = fϵ_{kl}(k, l = 3, 4) (for the S^3 direction). By using the notation of the gamma matrices in [11, appendix A], one can find that the relevant condition of Killing spinor reduces to Γ^{+0} ( Γ^{+1}Γ^{−1} − Γ^{−2}Γ^{+2} ) ϵ = 0 . (5.2)

Therefore, except for the Killing spinors satisfying Γ^{+0}ϵ = 0, there are 8 Killing spinors which satisfy (Γ^{+1}Γ^{−1} − Γ^{−2}Γ^{+2})ϵ = 0.^6 In the notation of [11] the former Killing spinors leads to the 16 supercharges

Q^{++a} = ∮ S^{+++aa}e^{iX+} , Q^{−−a} = ∮ S^{+−−aa}e^{−iX+} , B^{+a}_0 = ∮ S^{+−+(−a)a} , B^{−a}_0 = ∮ S^{++−(−a)a} , (5.3)

as well as the counterparts of right movers, which corresponds to (3.15). The latter Killing spinors correspond to the 8 extra supercharges

Q^{−+a} = ∮ S^{−−+aa} , Q^{+−a} = ∮ S^{−+−aa} , (5.4) which corresponds to (3.16). These extra supercharges generate the super transformation which preserves the light-cone Hamiltonian and give rise to the cancellation between the NS sectors and R sectors.

The above analysis gives us an important suggestion that the existence of extra supercharges reflects the “cancellation” of NSNS-flux essentially captured in the equation (5.2). Therefore, it may be plausible to expect that our enhanced SUSY vacua are described geometrically by Calabi-Yau spaces with suitable NSNS-flux which cancels that of H_4 background. In fact, we remark here the similarity of the construction of our string vacua (H_4 × M)/Z_K to the Gepner models. In that models the orbifoldization with respect to the U(1)_R-charge ensures the locality of supercharges and also implies the existence of non-vanishing NSNS-flux. Further study about precise geometrical interpretation of our enhanced SUSY vacua could be significant, and it is quite interesting to discuss the relation to the several works about the classification of supergravities on pp-waves which possess extra SUSY [31, 30].

As for the one-loop partition functions, we have evaluated them as the thermal models. As a byproduct we have proved the following statement at the character level: Every N = 2 unitary SCFTs with c = 12 exhibit the cancellation of space-time SUSY under the integrality condition of U(1)_R-charge. This is the most general statement of SUSY cancellation applicable to arbitrary compactifications on SU(n)-holonomy manifolds including non-compact models [32] as well as the Gepner models.

When calculating the thermal partition functions, the similarity to the DLCQ string played an important role. Also in the AdS_3 string such similarity appears and was clarified in [33] at the level of free field representation. The features as DLCQ theory in these string

6The same conclusion has been obtained in the recent paper [30].

– 25 – vacua may be profound for the possibility of approach of Matrix string theory [34] to the studies of pp-wave physics. Attempts along this direction have been given in the recent papers [35, 36, 37]. It may be also interesting to compare our result with the thermal partition function in the AdS_3 string, which was calculated in [38].

Acknowledgments

We would like to thank T. Eguchi and T. Takayanagi for valuable discussions. The work of Y. S. is supported in part by a Grant-in-Aid for the Encouragement of Young Scientists (♯13740144) from the Japanese Ministry of Education, Culture, Sports, Science and Technology.

A. Notations

In this appendix we summarize the conventions used in this paper. We set q ≡ e^{2πiτ} and y ≡ e^{2πiz}. A.1 Theta functions

θ_1(τ, z) = i ∞∑ n=−∞ (−1)^nq^{(n−1/2)2/2}y^{n−1/2} ≡ 2 sin(πz)q^{1/8} ∞∏ m=1 (1−q^m)(1−yq^m) ( 1−y^{−1}q^m ) ,

θ_2(τ, z) = ∞∑ n=−∞ q^{(n−1/2)2 /2}y^{n−1/2} ≡ 2 cos(πz)q^{1/8} ∞∏ m=1 (1−q^m)(1+yq^m) ( 1+y^{−1}q^m ) ,

θ_3(τ, z) = ∞∑ n=−∞ q^{n2/2}y^n ≡ ∞∏ m=1 (1−q^m) ( 1+yq^{m−1/2} )( 1+y^{−1}q^{m−1/2} ) ,

θ_4(τ, z) = ∞∑ n=−∞ (−1)^nq^{n2/2}y^n ≡ ∞∏ m=1 (1−q^m) ( 1−yq^{m−1/2} )( 1−y^{−1}q^{m−1/2} ) , (A.1)

Θ_{m,k}(τ, z) = ∞∑ n=−∞ q^{k(n+ m2k )2} y^{k(n+ m2k )} , (A.2) Θ̃_{m,k}(τ, z) =^∞ ∑ n=−∞ (−1)^nq^{k(n+ m2k )2} y^{k(n+ m2k )} . (A.3)

We also use the standard convention of η-function;

η(τ) = q^{1/24} ∞∏ n=1 (1 − q^n) . (A.4)

– 26 –

A.2 Character formulas of N = 2 minimal model The character formulas of the k-th N = 2 minimal model (c =^{3k}_{k+2} ) are given as follows; ch^{(NS)}_{l,m} (τ, z) = χ^{l,0}_m (τ, z) + χ^{l,2}_m (τ, z) , ch^{( ~NS)}_{l,m} (τ, z) = χ^{l,0}_m (τ, z) − χ^{l,2}_m (τ, z) , ch^{(R)}_{l,m}(τ, z) = χ^{l,1}_m (τ, z) + χ^{l,3}_m (τ, z) , ch^{(~R)}_{l,m}(τ, z) = χ^{l,1}_m (τ, z) − χ^{l,3}_m (τ, z) , (A.5) where χ^{l,s}_m (τ, z) is defined by χ^{l,s}_m (τ, z) = ∑ r∈Z_k c^{(k)}_{l,m−s+4r}(τ)Θ_{2m+(k+2)(−s+4r),2k(k+2)} (τ, z/(k + 2)) . (A.6)

In the expression of (A.6) we assume l + m + s ≡ 0 (mod 2), and c^{(k)}_{l,m} denotes the level k string function of SU(2), which is defined by the well-known relation χ^{(k)}_l (τ, z) ( ≡ Θ_{l+1,k+2} − Θ_{−l−1,k+2} Θ_{1,2} − Θ_{−1,2} (τ, z) ) = ∑ m∈Z_{2k} c^{(k)}_{l,m}(τ)Θ_{m,k}(τ, z) . (A.7)

By definition χ^{l,s}_m has the following periodicity χ^{l,s}_{m+2(k+2)} = χ^{l,s+4}_m = χ^{k−l,s+2}_{m+k+2} = χ^{l,s}_m . (A.8)

B. Character formulas of “c = 12 extended superconformal algebra” We set

f^{(NS)}(τ, z)^{def}= q^{1/8} θ_3(τ, z) η(τ)^3 ≡ ∏_∞ n=1 ( 1 + yq^{n−1/2} ) ( 1 + y^{−1}q^{n−1/2} ) ∏_∞ n=1(1 − q^n)^2

(B.1)

for convenience. We first focus on the NS sector and later consider the other spin structures with the help of half integral spectral flows. B.1 Massive representations The “massive representation” of c = 12 N = 2 SCA is quite easy, since no null states are included in the spectrum. Such unitary representation is characterized by the conformal weight h and U(1)_R-charge Q of vacuum state (h >^Q_2 ), and the character formula is simply written as ch^{(NS)}(h, Q; τ, z) = q^{h− 12} y^Qf^{(NS)}(τ, z) . (B.2) The character formula of corresponding representation in the “c = 12 algebra” is constructed by summing over the integral spectral flows; Ch^{(NS)}(h, Q; τ, z) = ∑ m∈Z q^{2m2} y^{4m}ch^{(NS)}(h, Q; τ, z + mτ) . (B.3)

– 27 –

If we assume the integral U(1)_R-charges,^7 the possible massive representations of c = 12 algebra are classified into the next three continuous series; (i) h > 0, Q = 0, (ii) h > 1/2, Q = 1, and (iii) h > 1/2, Q = −1. The character formulas (B.3) can be expressed in terms of the level 3/2 theta functions for the each case;

Ch^{(NS)}(h, Q = 0; τ, z) = q^{h−1/2} Θ_{0,3/2}(τ, 2z) f^{(NS)}(τ, z) , Ch^{(NS)}(h, Q = ±1; τ, z) = q^{h−2/3} Θ_{±1,3/2}(τ, 2z) f^{(NS)}(τ, z) . (B.4)

B.2 Massless representations The “massless representations” of c = 12 algebra can be constructed by the spectral flows based on the following degenerate representations; (i) h = Q = 0, (ii) h = 1/2, Q = 1, (iii) h = 1/2, Q = −1, and (iv) h = 1, Q = ±2. (In the fourth case the vacuum state doubly degenerates in the sense of c = 12 algebra, Q = 2 and Q = −2.) For each of these cases the N = 2 characters are given in [39] based on the data of Kac determinant formula for N = 2 SCA [40];

ch^{(NS)}_0 (Q = 0; τ, z) = q^{−1/2} 1 − q ( 1 + yq^{1/2} ) ( 1 + y^{−1}q^{1/2}

)f^{(NS)}(τ, z) , (B.5)

ch^{(NS)}_0 (Q; τ, z) = q^{−1/2} q^{|Q|}2 y^Q 1 + y^{sign(Q)}q^{1/2} f^{(NS)}(τ, z) , (Q = ±1, ±2) . (B.6)

The massless characters of c = 12 algebra are again obtained by summing up over the integral spectral flows as in (B.3). The results are written as

Ch^{(NS)}_0 (Q = 0; τ, z) = q^{−1/2} ∑ m∈Z (1 − q)q^32^{m2+m− 1}2 y^{3m+1} (1 + yq^{m+1/2})(1 + yq^{m−1/2}) f^{(NS)}(τ, z)

≡ q^{−1/2} ∑ m∈Z yq^{m−1/2} − 1 1 + yq^{m−1/2} q^{32 m2} y^{3m}f^{(NS)}(τ, z) − (B.7) − q^{−1/6} ( Θ_{1,3/2}(τ, 2z) − Θ_{−1,3/2}(τ, 2z) ) f^{(NS)}(τ, z) ,

Ch^{(NS)}_0 (Q = ±1; τ, z) = q^{−1/2} ∑ m∈Z 1 1 + y^{±1}q^{m+1/2} q^{32 m2+m+ 12} y^{±(3m+1)}f^{(NS)}(τ, z) , (B.8)

Ch^{(NS)}_0 (Q = |2|; τ, z) = q^{−1/2} ∑ m∈Z 1 1 + yq^{m+1/2} q^{32 m2+2m+1}y^{3m+2}f^{(NS)}(τ, z) . (B.9)

The following identities are useful;

Ch^{(NS)}_0 (Q = 1; τ, z) = Ch^{(NS)}_0 (Q = −1; τ, −z) = Ch^{(NS)}_0 (Q = −1; τ, z) + +q^{−1/6} ( Θ_{1,3/2}(τ, 2z) − Θ_{−1,3/2}(τ, 2z) ) f^{(NS)}(τ, z) , (B.10) Ch^{(NS)}_0 (Q = 0; τ, z) = Ch^{(NS)}_0 (Q = 0; τ, −z) , (B.11) Ch^{(NS)}_0 (Q = |2|; τ, z) = Ch^{(NS)}_0 (Q = |2|; τ, −z) . (B.12)

7In the cases of c = 6 algebra (N = 4 SCA with level 1) and c = 9 algebra [26] the integrality of U(1)Rcharges simply originates from the unitarity of representations. However, in our case of c = 12 algebra the situation is more subtle. In any case we shall here assume the integrality of U(1)R-charges, which is enough for our purpose since our conformal blocks F^{(α)}_{I,(a,b)}(τ, z) should have this property by construction.

– 28 –

We also remark the following relations between massless and massive characters; q^h ( Ch^{(NS)}_0 (Q = 0; τ, z) + Ch^{(NS)}_0 (Q = 1; τ, z) + Ch^{(NS)}_0 (Q = −1; τ, z) ) = = Ch^{(NS)}(h, Q = 0; τ, z) , (B.13) q^{h−1/2} ( Ch^{(NS)}_0 (Q = ±1; τ, z) + Ch^{(NS)}_0 (Q = |2|; τ, z) ) = = Ch^{(NS)}(h, Q = ±1; τ, z) . (B.14)

In other words, the massive characters can be decomposed into the massless characters at the threshold h → 0(1/2). This aspect is completely parallel to the c = 6 case [25] and the c = 9 case [26].

The most important property of these extended characters in our discussion is the cancellation due to the space-time supersymmetry. In order to observe it manifestly we define the characters with the other spin structures by the half integral spectral flows;

Ch(^{~NS})_{(0)} (∗; τ, z)^{def}= Ch^{(NS)}_{(0)} ( ∗; τ, z + 1 2 ) , Ch^{(R)}_{(0)} (∗; τ, z)^{def}= q^{1/2}y^2Ch^{(NS)}_{(0)} ( ∗; τ, z + τ 2 ) , Ch(^{~R})_{(0)} (∗; τ, z)^{def}= q^{1/2}y^2Ch^{(NS)}_{(0)} ( ∗; τ, z + τ 2 + 1 2 ) . (B.15)

The twisted Ramond characters Ch^{(~R)}_{(0)} (∗; τ, 0) are no other than the Witten indices. We can easily find

Ch(^{~R})(h, Q; τ, 0) = 0 , (B.16)

for the arbitrary massive representations and

Ch(^{~R})_0 (Q = 0; τ, 0) = 2 , Ch(^{~R})_0 (Q = ±1; τ, 0) = −1 ,

Ch(^{~R})_0 (Q = |2|; τ, 0) = 1 , (B.17)

for the massless representations.

Then, the identities of supersymmetry are written as ∑ α ϵ(α)Ch^{(α)}(h, Q = 0; τ, z) ≡ 0 , (^∀h) (B.18) ∑ α ϵ(α) ( Ch^{(α)}(h, Q = +1; τ, z) + Ch^{(α)}(h, Q = −1; τ, z) ) ≡ 0 , (^∀h) (B.19) ∑ α ϵ(α)Ch^{(α)}_0 (Q = 0, |2|; τ, z) ≡ 0 , (B.20) ∑ α ϵ(α) ( Ch^{(α)}_0 (Q = +1; τ, z) + Ch^{(α)}_0 (Q = −1; τ, z) ) ≡ 0 , (B.21)

where ϵ(NS) = ϵ(R) = +1 and ϵ( ~NS) = ϵ(~R) = −1 as before. The identities (B.18) and (B.19) reduce to the known theta function identities which are directly proved by the

– 29 – product formula;

Θ_{0,3/2}(τ, 2z)θ_3(τ, z) − Θ̃_{0,3/2}(τ, 2z)θ_4(τ, z) −

−Θ_{3/2,3/2}(τ, 2z)θ_2(τ, z) + iΘ̃_{3/2,3/2}(τ, 2z)θ_1(τ, z) ≡ 0 , (B.22) ( Θ_{1,3/2} + Θ_{−1,3/2} ) (τ, 2z)θ_3(τ, z) + ( Θ̃_{1,3/2} + Θ̃_{−1,3/2} ) (τ, 2z)θ_4(τ, z) − − ( Θ_{1/2,3/2} + Θ_{−1/2,3/2} ) (τ, 2z)θ_2(τ, z) − i ( Θ̃_{1/2,3/2} − Θ̃_{−1/2,3/2} ) (τ, 2z)θ_1(τ, z) ≡ 0 . (B.23)

For the massless representations it seems difficult to analytically prove (B.20) and (B.21) unfortunately. However, we have directly confirmed these identities by MAPLE in lower orders in q, y, y^{−1} and believe their correctness.

Finally we note that all the characters Ch^{(α)}_{(0)} (∗; τ, z) have a symmetry under the integral spectral flows, which precisely means

q^{2r2} y^{4r}Ch^{(α)}_{(0)} (∗; τ, z + rτ + s) = Ch^{(α)}_{(0)} (∗; τ, z) , (^∀r, s ∈ Z) . (B.24)

This property is obvious by construction and consistent with the fact that the conformal blocks F^{(α)}_{I,(a,b)}(τ, z) can be expanded by these characters.

References

[1] R. Güven, Plane waves in effective field theories of superstrings, Phys. Lett. B 191 (1987) 275;

D. Amati and C. Klimčík, Strings in a shock wave background and generation of curved geometry from flat space string theory, Phys. Lett. B 210 (1988) 92;

G.T. Horowitz and A.R. Steif, Space-time singularities in string theory, Phys. Rev. Lett. 64 (1990) 260;Strings in strong gravitational fields, Phys. Rev. D 42 (1990) 1950; A.R. Steif, Nonperturbative time dependent classical string solutions for the closed bosonic string, Phys. Rev. D 42 (1990) 2150;

A.A. Tseytlin, A class of finite two-dimensional sigma models and string vacua, Phys. Lett. B 288 (1992) 279 [hep-th/9205058]; String vacuum backgrounds with covariantly constant null Killing vector and 2-d quantum gravity, Nucl. Phys. B 390 (1993) 153 [hep-th/9209023]; Finite sigma models and exact string solutions with Minkowski signature metric, Phys. Rev. D 47 (1993) 3421 [hep-th/9211061];

E.A. Bergshoeff, R. Kallosh and T. Ortin, Supersymmetric string waves, Phys. Rev. D 47 (1993) 5444 [hep-th/9212030].

[2] C.R. Nappi and E. Witten, A WZW model based on a nonsemisimple group, Phys. Rev. Lett.

71 (1993) 3751 [hep-th/9310112].

[3] E. Kiritsis and C. Kounnas, String propagation in gravitational wave backgrounds, Phys. Lett.

B 320 (1994) 264 [hep-th/9310202];

E. Kiritsis, C. Kounnas and D. Lüst, Superstring gravitational wave backgrounds with space-time supersymmetry, Phys. Lett. B 331 (1994) 321 [hep-th/9404114].

[4] K. Sfetsos, Gauging a nonsemisimple WZW model, Phys. Lett. B 324 (1994) 335 [hep-th/9311010]; Exact string backgrounds from WZW models based on nonsemisimple

– 30 – groups, Int. J. Mod. Phys. A 9 (1994) 4759 [hep-th/9311093]; Gauged WZW models and nonabelian duality, Phys. Rev. D 50 (1994) 2784 [hep-th/9402031];

D.I. Olive, E. Rabinovici and A. Schwimmer, A class of string backgrounds as a semiclassical limit of WZW models, Phys. Lett. B 321 (1994) 361 [hep-th/9311081]; K. Sfetsos and A.A. Tseytlin, Four-dimensional plane wave string solutions with coset CFT description, Nucl. Phys. B 427 (1994) 245 [hep-th/9404063].

[5] G.T. Horowitz and A.A. Tseytlin, A new class of exact solutions in string theory, Phys. Rev.

D 51 (1995) 2896 [hep-th/9409021];

J.G. Russo and A.A. Tseytlin, Constant magnetic field in closed string theory: an exactly solvable model, Nucl. Phys. B 448 (1995) 293 [hep-th/9411099]; Exactly solvable string models of curved space-time backgrounds, Nucl. Phys. B 449 (1995) 91 [hep-th/9502038]; Heterotic strings in uniform magnetic field, Nucl. Phys. B 454 (1995) 164 [hep-th/9506071]; A.A. Tseytlin, Closed superstrings in magnetic flux tube background, Nucl. Phys. 49 (Proc. Suppl.) (1996) 338 [hep-th/9510041].

[6] O. Jofre and C. Núñez, Strings in plane wave backgrounds revisited, Phys. Rev. D 50 (1994) 5232 [hep-th/9311187];

N. Mohammedi, On bosonic and supersymmetric current algebras for nonsemisimple groups, Phys. Lett. B 325 (1994) 371 [hep-th/9312182];

A. Kumar and S. Mahapatra, Exact duality and nilpotent gauging, Mod. Phys. Lett. A 9 (1994) 925 [hep-th/9401098];

J.M. Figueroa-O’Farrill and S. Stanciu, Nonsemisimple Sugawara constructions, Phys. Lett. B 327 (1994) 40 [hep-th/9402035];

A.A. Kehagias and P.A.A. Meessen, Exact string background from a WZW model based on the Heisenberg group, Phys. Lett. B 331 (1994) 77 [hep-th/9403041]; I. Antoniadis and N.A. Obers, Plane gravitational waves in string theory, Nucl. Phys. B 423 (1994) 639 [hep-th/9403191];

P. Forgacs, P.A. Horvathy, Z. Horvath and L. Palla, The Nappi-Witten string in the light-cone gauge, Heavy Ion Phys. 1 (1995) 65 [hep-th/9503222];

S. Stanciu and A.A. Tseytlin, D-branes in curved spacetime: Nappi-Witten background, J. High Energy Phys. 06 (1998) 010 [hep-th/9805006];

J.M. Figueroa-O’Farrill and S. Stanciu, More D-branes in the Nappi-Witten background, J. High Energy Phys. 01 (2000) 024 [hep-th/9909164].

[7] D. Gepner, Exactly solvable string compactifications on manifolds of SU(N) holonomy, Phys.

Lett. B 199 (1987) 380; Space-time supersymmetry in compactified string theory and superconformal models, Nucl. Phys. B 296 (1988) 757.

[8] M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, A new maximally supersymmetric background of IIB superstring theory, J. High Energy Phys. 01 (2002) 047 [hep-th/0110242]; Penrose limits and maximal supersymmetry, Class. and Quant. Grav. 19 (2002) L87 [hep-th/0201081];

M. Blau, J. Figueroa-O’Farrill and G. Papadopoulos, Penrose limits, supergravity and brane dynamics, Class. and Quant. Grav. 19 (2002) 4753 [hep-th/0202111].

[9] A. Giveon and M. Roček, Supersymmetric string vacua on AdS_3 × N, J. High Energy Phys.

04 (1999) 019 [hep-th/9904024];

D. Berenstein and R.G. Leigh, Spacetime supersymmetry in AdS_3 backgrounds, Phys. Lett. B 458 (1999) 297 [hep-th/9904040].

– 31 –

[10] D. Berenstein, J.M. Maldacena and H. Nastase, Strings in flat space and PP waves from N = 4 super Yang-Mills, J. High Energy Phys. 04 (2002) 013 [hep-th/0202021].

[11] Y. Hikida and Y. Sugawara, Superstrings on PP-wave backgrounds and symmetric orbifolds, J. High Energy Phys. 06 (2002) 037 [hep-th/0205200].

[12] J. Gomis and H. Ooguri, Penrose limit of N = 1 gauge theories, Nucl. Phys. B 635 (2002) 106 [hep-th/0202157].

[13] J.G. Russo and A.A. Tseytlin, On solvable models of type-IIB superstring in NS-NS and RR plane wave backgrounds, J. High Energy Phys. 04 (2002) 021 [hep-th/0202179].

[14] E. Kiritsis and B. Pioline, Strings in homogeneous gravitational waves and null holography, J.

High Energy Phys. 08 (2002) 048 [hep-th/0204004].

[15] H. Takayanagi and T. Takayanagi, Open strings in exactly solvable model of curved space-time and PP-wave limit, J. High Energy Phys. 05 (2002) 012 [hep-th/0204234].

[16] A. Parnachev and D.A. Sahakyan, Penrose limit and string quantization in AdS_3 × S^3, J.

High Energy Phys. 06 (2002) 035 [hep-th/0205015].

[17] S.R. Das and C. Gomez, Realizations of conformal and Heisenberg algebras in PP-wave CFT correspondence, J. High Energy Phys. 07 (2002) 016 [hep-th/0206062].

[18] O. Lunin and S.D. Mathur, Rotating deformations of AdS_3 × S^3, the orbifold CFT and strings in the PP-wave limit, Nucl. Phys. B 642 (2002) 91 [hep-th/0206107].

[19] Y. Michishita, D-branes in NS-NS and RR PP-wave backgrounds and S-duality, J. High Energy Phys. 10 (2002) 048 [hep-th/0206131].

[20] J. Gomis, L. Motl and A. Strominger, PP-wave/CF T_2 duality, hep-th/0206166.

[21] R. Güven, Plane waves in effective field theories of superstrings, Phys. Lett. B 191 (1987) 275;

E.A. Bergshoeff, R. Kallosh and T. Ortin, Supersymmetric string waves, Phys. Rev. D 47 (1993) 5444 [hep-th/9212030].

[22] L. Susskind, Another conjecture about M(atrix) theory, hep-th/9704080;

A. Sen, D0-branes on T^n and matrix theory, Adv. Theor. Math. Phys. 2 (1998) 51 [hep-th/9709220];

N. Seiberg, Why is the matrix model correct?, Phys. Rev. Lett. 79 (1997) 3577 [hep-th/9710009].

[23] R. Argurio, A. Giveon and A. Shomer, Superstrings on AdS_3 and symmetric products, J.

High Energy Phys. 12 (2000) 003 [hep-th/0009242].

[24] T. Eguchi, H. Ooguri, A. Taormina and S.-K. Yang, Superconformal algebras and string compactification on manifolds with SU(N) holonomy, Nucl. Phys. B 315 (1989) 193.

[25] T. Eguchi and A. Taormina, Character formulas for the N = 4 superconformal algebra, Phys.

Lett. B 200 (1988) 315; On the unitary representations of N = 2 and N = 4 superconformal algebras, Phys. Lett. B 210 (1988) 125.

[26] S. Odake, Extension of N = 2 superconformal algebra and Calabi-Yau compactification, Mod.

Phys. Lett. A 4 (1989) 557; Character formulas of an extended superconformal algebra relevant to string compactification, Int. J. Mod. Phys. A 5 (1990) 897.

– 32 –

[27] G. Grignani and G.W. Semenoff, Thermodynamic partition function of matrix superstrings, Nucl. Phys. B 561 (1999) 243 [hep-th/9903246];

G. Grignani, P. Orland, L.D. Paniak and G.W. Semenoff, Matrix theory interpretation of DLCQ string worldsheets, Phys. Rev. Lett. 85 (2000) 3343 [hep-th/0004194]; G.W. Semenoff, World-sheet of the discrete light front string, hep-th/0009011.

[28] J.J. Atick and E. Witten, The Hagedorn transition and the number of degrees of freedom of string theory, Nucl. Phys. B 310 (1988) 291.

[29] J. Polchinski, Evaluation of the one loop string path integral, Commun. Math. Phys. 104 (1986) 37.

[30] I. Bena and R. Roiban, Supergravity PP-wave solutions with 28 and 24 supercharges,

hep-th/0206195.

[31] M. Cvetič, H. Lu and C.N. Pope, Penrose limits, PP-waves and deformed M2-branes,

hep-th/0203082;M-theory PP-waves, Penrose limits and supernumerary supersymmetries,

Nucl. Phys. B 644 (2002) 65 [hep-th/0203229];

J.P. Gauntlett and C.M. Hull, PP-waves in 11-dimensions with extra supersymmetry, J. High Energy Phys. 06 (2002) 013 [hep-th/0203255];

R. Corrado, N. Halmagyi, K.D. Kennaway and N.P. Warner, Penrose limits of RG fixed points and PP-waves with background fluxes, hep-th/0205314; E.G. Gimon, L.A. Pando Zayas and J. Sonnenschein, Penrose limits and RG flows,

hep-th/0206033;

D. Brecher, C.V. Johnson, K.J. Lovis and R.C. Myers, Penrose limits, deformed PP-waves and the string duals of N = 1 large-N gauge theory, J. High Energy Phys. 10 (2002) 008 [hep-th/0206045];

J. Michelson, A PP-wave with 26 supercharges, hep-th/0206204;

M. Alishahiha, M.A. Ganjali, A. Ghodsi and S. Parvizi, On type-IIA string theory on the PP-wave background, hep-th/0207037.

[32] T. Eguchi and Y. Sugawara, Modular invariance in superstring on Calabi-Yau n-fold with A-D-E singularity, Nucl. Phys. B 577 (2000) 3 [hep-th/0002100];

S. Mizoguchi, Modular invariant critical superstrings on four-dimensional Minkowski space × two-dimensional black hole, J. High Energy Phys. 04 (2000) 014 [hep-th/0003053]; S. Yamaguchi, Gepner-like description of a string theory on a non-compact singular Calabi-Yau manifold, Nucl. Phys. B 594 (2001) 190 [hep-th/0007069]; Noncompact Gepner models with discrete spectra, Phys. Lett. B 509 (2001) 346 [hep-th/0102176]; Coset character identities in superstring compactifications, J. High Energy Phys. 01 (2002) 023 [hep-th/0112004];

M. Naka and M. Nozaki, Singular Calabi-Yau manifolds and ADE classification of CFTs, Nucl. Phys. B 599 (2001) 334 [hep-th/0010002].

[33] Y. Hikida, K. Hosomichi and Y. Sugawara, String theory on AdS_3 as discrete light-cone Liouville theory, Nucl. Phys. B 589 (2000) 134 [hep-th/0005065].

[34] R. Dijkgraaf, E. Verlinde and H. Verlinde, Matrix string theory, Nucl. Phys. B 500 (1997) 43 [hep-th/9703030];

L. Motl, Proposals on nonperturbative superstring interactions, hep-th/9701025; T. Banks and N. Seiberg, Strings from matrices, Nucl. Phys. B 497 (1997) 41 [hep-th/9702187].

[35] R. Gopakumar, String interactions in PP-waves, hep-th/0205174.

– 33 –

[36] G. Bonelli, Matrix strings in PP-wave backgrounds from deformed super Yang-Mills theory, J.

High Energy Phys. 08 (2002) 022 [hep-th/0205213].

[37] H. Verlinde, Bits, matrices and 1/N, hep-th/0206059.

[38] J.M. Maldacena, H. Ooguri and J. Son, Strings in AdS_3 and the SL(2, R) WZW model, 2.

Euclidean black hole, J. Math. Phys. 42 (2001) 2961 [hep-th/0005183].

[39] V.K. Dobrev, Characters of the unitarizable highest weight modules over the N = 2 superconformal algebras, Phys. Lett. B 186 (1987) 43.

[40] W. Boucher, D. Friedan and A. Kent, Determinant formulae and unitarity for the N = 2 superconformal algebras in two-dimensions or exact results on string compactification, Phys. Lett. B 172 (1986) 316.

– 34 –